Iterative schemas are ubiquitous in the area of abstract nonlinear analysis and still remain as a main tool for approximation of fixed points of generalizations of nonexpansive maps. The analysis of general iterative schemas, in a more general setup, is a problem of interest in theoretical numerical analysis. Therefore, we propose and analyze a general iterative schema for two finite families of asymptotically quasi-nonexpansive maps in hyperbolic spaces. Results concerning -convergence as well as strong convergence of the proposed iteration are proved. It is instructive to compare the proposed general iteration schema and the consequent convergence results with that of several recent results in CAT(0) spaces and uniformly convex Banach spaces. MSC: Primary 47H09; 47H10; secondary 49M05
Introduction and preliminaries
Iterative schemas play a key role in approximating fixed points for nonlinear mappings. Structural properties of the space under consideration are very important in establishing the fixed point property of the space, for example, strict convexity, uniform convexity and uniform smoothness etc. Hyperbolic spaces are general in nature and have rich geometrical structures for different results with applications in topology, graph theory, multivalued analysis and metric fixed point theory. The study of hyperbolic spaces has been largely motivated and dominated by questions about hyperbolic groups, one of the main objects of study in geometric group theory. Throughout the paper, we work in the setting of hyperbolic spaces, introduced by Kohlenbach [] , which are prominent among non-positively curved spaces and play a significant role in many branches of mathematics.
Nonexpansive mappings are Lipschitzian mappings with the Lipschitz constant equal to . Moreover, the class of nonexpansive mappings is closely related to the class of strict pseudo-contractions as nonexpansive mappings are -strictly pseudo-contractive. The class of nonexpansive mappings enjoys the fixed point property and the approximate fixed point property in various settings of spaces. The importance of this class lies in its powerful applications in initial value problems of differential equations, game-theoretic model, image recovery and minimax problems. http://www.fixedpointtheoryandapplications.com/content/2013/1/238
The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [] as an important generalization of the class of nonexpansive mappings. Therefore, it is natural to extend such powerful results to the class of asymptotically nonexpansive mappings as a means of testing the limit of the theory of nonexpansive mappings. Most of the results in fixed point theory guarantee that a fixed point exists, but they do not help in finding the fixed point. As a consequence, iterative construction of fixed points emerged as the most powerful tool for solving such nonlinear problems. It is worth mentioning that iteration schemas are the only main tool for approximation of fixed points of various generalizations of nonexpansive mappings. Several authors have studied approximation of fixed points of several generalizations of nonexpansive mappings using Mann and
Ishikawa iterations (see, e.g., [-]).
Moreover, finding common fixed points of a finite family of mappings acting on a Hilbert space is a problem that often arises in applied mathematics, for instance, in convex minimization problems and systems of simultaneous equations. One of the most elegant ways to prove that a partial differential equation or integral equation has a solution is to pose it as a fixed point problem. Hence, the analysis of a general iteration schema, in a more general setup, is a problem of interest in theoretical numerical analysis. Therefore, considerable research efforts have been devoted to developing iterations for the approximation of common fixed points of several classes of nonlinear mappings with a nonempty set of common fixed points.
In , Schu Let {T m } r m= be a family of asymptotically quasi-nonexpansive self-mappings on K . Suppose that {α mn } is a real sequence in [ ,  -] for some ∈ (, ). Define a sequence {x n } http://www.fixedpointtheoryandapplications.com/content/2013/1/238
Let (X, d) be a metric space and K be a nonempty subset of X. Let T be a self-mapping on K . Denote by F(T) = {x ∈ K : T(x) = x} the set of fixed points of T. A self-mapping T on K is said to be
(iv) asymptotically quasi-nonexpansive if there exists a sequence k n ⊂ [, ∞) and
It follows from the above definitions that a nonexpansive mapping is quasi-nonexpansive and that an asymptotically nonexpansive mapping is asymptotically quasi-nonexpansive. Moreover, an asymptotically nonexpansive mapping is uniformly L-Lipschitzian. However, the converse of these statements is not true, in general.
A hyperbolic space [] is a metric space (X, d) together with a mapping W :
for all x, y, z, w ∈ X and α, β ∈ [, ]. The class of hyperbolic spaces in the sense of Kohlenbach [] contains all normed linear spaces and convex subsets thereof but also Hadamard manifolds and CAT() spaces. An important example of a hyperbolic space is the open unit ball B in a complex domain C w.r.t. the Poincare metric (also called 'Poincare distance')
where
for all x, y ∈ B. http://www.fixedpointtheoryandapplications.com/content/2013/1/238
Note that the above example can be extended from C to general complex Hilbert spaces (H, · ) as follows.
Let B H be an open unit ball in H. Then
where for some a, b ∈ (, ). Define a sequence {x n } by In , Lim [] introduced the notion of asymptotic center and, consequently, coined the concept of -convergence in a general setting of a metric space. In , Kirk and Panyanak [] proposed an analogous version of convergence in geodesic spaces, namely -convergence, which was originally introduced by Lim [] . They showed thatconvergence coincides with the usual weak convergence in Banach spaces and both concepts share many useful properties.
Let {x n } be a bounded sequence in a hyperbolic space X.
The asymptotic radius r({x n }) of {x n } is given by
The asymptotic center of a bounded sequence {x n } with respect to a subset K of X is defined as follows:
This is the set of minimizers of the functional r(·, {x n }). If the asymptotic center is taken with respect to X, then it is simply denoted by A({x n }). It is known that uniformly convex Banach spaces and even CAT() spaces enjoy the property that 'bounded sequences have unique asymptotic centers with respect to closed convex subsets. ' The following lemma is due to Leustean [] and ensures that this property also holds in a complete uniformly convex hyperbolic space.
Lemma . [] Let (X, d, W ) be a complete uniformly convex hyperbolic space with monotone modulus of uniform convexity. Then every bounded sequence {x n } in X has a unique asymptotic center with respect to any nonempty closed convex subset K of X.
Recall that a sequence {x n } in X is said to -converge to x ∈ X if x is the unique asymptotic center of {u n } for every subsequence {u n } of {x n }. In this case, we write -lim n x n = x and call x a -limit of {x n }. A mapping 
In the sequel, we shall need the following results. {x n } and {y n } are sequences in X such that
Lemma . []
Let K be a nonempty closed convex subset of a uniformly convex hyperbolic space, and let {x n } be a bounded sequence in K such that A({x n }) = {y} and r({x n }) = ρ. If {y m } is another sequence in K such that lim m→∞ r(y m , {x n }) = ρ, then lim m→∞ y m = y.
Lemma . []
Let {a n } and {b n } be sequences of nonnegative real numbers such that a n+ ≤ a n + b n for all n ≥  and ∞ n= b n < ∞, then lim n→∞ a n exists. Moreover, if there exists a subsequence {a n j } of {a n } such that a n j →  as j → ∞, then a n →  as n → ∞.
Some preparatory lemmas
From now onward, we denote F = Proof Let s n = max ≤m≤r u mn for n ≥ . For any p ∈ F, it follows from (.) that
Similarly, we have . Hence {x n } is bounded. Moreover, it follows from the above that
Taking infimum on p ∈ F on both sides in the above inequality, we have For k =  in (.), we have
With the help of (.)-(.) and Lemma ., we have
Again, for k = , , . . . , r -, (.) is expressed as
With the help of (.) and the inequality Utilizing (.), the following estimate
Hence (.)-(.) and Lemma . imply that
On utilizing (.), this implies
Since a ≤ α mn , β mn ≤ b, therefore (reasoning as above)
Taking lim inf on both sides of the above estimate and using (.), we have
Combining (.) and (.), we have
By Lemma . and (.), we get
In a similar way, for k = , , . . . , r -, we compute Reasoning as above, we get that Note that
Utilizing (.) and (.), we have
By (.) and (.), we have
Again, reasoning as above, we have and by Lemma ., we conclude that
Now, utilizing (.) and (.), we have
Hence, (.) and (.) imply that
By (.) and (.), we have . Thus will be largely independent of X, T or x  . We intend to carry out the extraction of such in another paper. http://www.fixedpointtheoryandapplications.com/content/2013/1/238
Convergence of approximants to fixed points
In this section, we approximate common fixed points of two finite families of asymptotically nonexpansive mappings in a hyperbolic space. More briefly, we establishconvergence and strong convergence of the iteration schema (.). Proof Since the sequence {x n } is bounded (by Lemma .), therefore Lemma . asserts that {x n } has a unique asymptotic center. That is, A({x n }) = {x} (say). Let {v n } be any subsequence of {x n } such that A({v n }) = {v}. Then, by Lemma ., we have
We claim that u is the common fixed point of {T m } 
Since each T m is uniformly L-Lipschitzian with the Lipschitz constant L, where L = max ≤m≤r L m . Therefore, the above estimate yields
Taking lim sup on both sides of the above estimate and using (.), we have This proves that {x n } is a Cauchy sequence in X and so it must converge. Let lim n→∞ x n = q (say). We claim that q ∈ F. Remark . Compactness of the underlying sequence space is useful for establishing strong convergence of an approximant of a fixed point. Sequential compactness (every sequence has a convergent subsequence), among other notions of compactness, is a widely used tool in this regard. Moreover, if K (or just T(K)) is compact, then the approximate sequence {x n } strongly converges to a fixed point. Using a logical analysis of the classical compactness argument, it is shown in [, Theorem .] how to convert an approximate fixed point bound for Krasnoselskii-Mann iteration schema {x n } of asymptotically nonexpansive mappings (and hence a fortiori any rate of metastability for the asymptotic regularity of {x n }) into a rate of metastability for the strong convergence of {x n } in the case of compact K . This rate depends -in addition to the data on which depends (see Remark .(iii)) -only on a modulus of total boundedness for K . We intend to carry out the extraction of a suitable for our more general iteration schema with two finite families of mappings in another paper. Combined with the discussed in Remark .(iii), this then yields a highly uniform rate of metastability of Theorem ..
